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a b s t r a c t
Volkmann andWinzen [L. Volkmann, S.Winzen, Strong subtournaments containing a given
vertex in regularmultipartite tournaments, DiscreteMath. 308 (2008) 5516–5521] showed
that each vertex of a regular c-partite tournament with c ≥ 7 partite sets is contained in
a strong subtournament of order p for every p ∈ {3, 4, . . . , c − 4}, and conjectured that
each vertex of a regular c-partite tournament with c ≥ 5 partite sets is contained in a
strong subtournament of order p for every p ∈ {3, 4, . . . , c}. In this paper we confirm the
conjecture when c ≥ 16.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
We shall assume that the reader is familiar with standard terminology on directed graphs (see, e.g., [1]). In this paper all
digraphs are oriented simple digraphs. The vertex set and arc set of a digraphD are denoted by V (D) and A(D), respectively. If
xy is an arc of a digraphD, thenwewrite x → y and say x dominates y. IfD′ is a vertex set or a subdigraph of a digraphD, then
we define N+D′(x) as the set of vertices of D
′ which are dominated by x and N−D′(x) as the set of vertices of D
′ which dominate
x. The numbers d+D′(x) = |N+D′(x)| and d−D′(x) = |N−D′(x)| are called the out-degree and in-degree of x in D′, respectively. When
D′ = D,N+D (x),N−D (x), d+D (x) and d−D (x) are also denoted by N+(x),N−(x), d+(x) and d−(x), respectively.
If X and Y are two disjoint vertex sets of a digraph D such that every vertex of X dominates every vertex of Y , then we
say that X dominates Y , denoted by X → Y . Furthermore, X ⇒ Y denotes the fact that there is no arc leading from Y to X .
For a vertex set X of D, we define D[X] as the subdigraph induced by X and D− X as the subdigraph induced by V (D)− X ,
i.e., D− X = D[V (D)− X]. For two vertex sets X, Y of a digraph D, we define X − Y = {x|x ∈ X, x ∉ Y }.
If we speak of a cycle (path), then we mean a directed cycle (directed path). A cycle (path) of D is Hamiltonian, if it
includes all the vertices of D. A digraph D is called vertex-pancyclic, if every vertex of D is contained in cycles of length n
for all n ∈ {3, 4, . . . , |V (D)|}. A digraph D is said to be strongly connected or just strong, if for every pair x, y of vertices in
D, there is a path from x to y. The digraph D is called k-strong, if for any k − 1 vertices x1, x2, . . . , xk−1 of D the digraph
D[V (D) − {x1, x2, . . . , xk−1}] is strong. The connectivity of D, denoted by κ(D), is then defined to be the largest value of k
such that D is k-strong. A set X of vertices of D is independent if D[X] has no arcs. The independence number, α(D), of D is the
maximum integer k such that D has an independent vertex set of cardinality k. If we replace every arc xy in a digraph D by
yx, then we call the resulting digraph the converse of D, denoted by D−1.
For a digraph D, we define the global irregularity as ig(D) = maxx∈V (D){d+(x), d−(x)} − minx∈V (D){d+(x), d−(x)}. If
ig(D) = 0, then D is regular; If ig(D) ≤ 1, then D is almost regular. A c-partite ormultipartite tournament is an orientation of
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a complete c-partite graph. A tournament is a c-partite tournament with exactly c vertices. If V1, V2, . . . , Vc are the partite
sets of a c-partite tournament D and a vertex x of D belongs to the partite set Vi, then we define V (x) = Vi.
In recent years, a special class of cycles in multipartite tournaments have gained increased importance—cycles with at
most one vertex from each partite set. Obviously in a multipartite tournament, there is an n-cycle with at most one vertex
from each partite set if and only if there is a strong subtournament of order n. There are two important results.
Theorem 1.1 (Volkmann andWinzen [5]). Let D be an almost regular c-partite tournament with c ≥ 5. Then D contains a strong
subtournament of order p for every p ∈ {3, 4, . . . , c}.
Theorem 1.2 (Volkmann and Winzen [6]). If D is a regular c-partite tournament with c ≥ 7, then each vertex of D is contained
in a strong subtournament of order p for every p ∈ {3, 4, . . . , c − 4}.
In [3] Volkmann gave the following conjecture.
Conjecture 1.3 (Volkmann [3]). Let D be a regular c-partite tournament with c ≥ 5. Then each vertex of D is contained in a
strong subtournament of order p for every p ∈ {3, 4, . . . , c}.
In this paper we will prove the above conjecture for c ≥ 16.
2. Preliminaries
The following results play an important role in our investigations.
Lemma 2.1 (Moon [2]). Every vertex of a strong tournament T is contained in a cycle of length n for all 3 ≤ n ≤ |V (T )|.
Lemma 2.2 (Volkmann [4]). If T is a strong tournament of order |V (T )| ≥ 4, then there exists a vertex v ∈ V (T ) of maximum
out-degree such that for all x ∈ V (T )− {v}, the subtournament T − {x} has a Hamiltonian path with the initial vertex v.
Lemma 2.3. Let T be a tournament and u be a vertex of T . If for every x ∈ V (T ), T has a path fromu to x, then T has aHamiltonian
path with the initial vertex u.
Proof. Let P = u1u2 · · · ul be a longest path with the initial vertex u1 = u. It is enough to prove that P is a Hamiltonian path.
If P is not a Hamiltonian path, then there is a vertex v ∈ V (T )−V (P). Of course T has a path Pv from u to v, so there is an
arc uiw in Pv such that ui ∈ V (P), w ∈ V (T )− V (P). As T is a tournament, either uk → w → uk+1, for some i ≤ k ≤ l− 1
or ul → w. In both cases we can obtain a longer path with the initial vertex u than P , a contradiction. This implies the
lemma. 
Lemma 2.4. If T is a strong tournament of order |V (T )| ≥ 4, then there exist two vertices u, w ∈ V (T ) satisfying the following
conditions:
(a) u has the maximum out-degree and u → w.
(b) for all x ∈ V (T )− {u}, the subtournament T − {x} has a Hamiltonian path with the initial vertex u.
(c) for all distinct vertices x, y ∈ V (T )− {u, w}, the subtournament T − {x, y} has a Hamiltonian path with the initial vertex u.
Proof. By Lemma 2.2, there exists a vertex v ∈ V (T ) of maximum out-degree such that for all x ∈ V (T ) − {v}, the
subtournament T−{x}has aHamiltonian pathwith the initial vertex v. If for all x, y ∈ V (T )−{v}, T−{x, y}has aHamiltonian
path with the initial vertex v, then let u = v and w ∈ N+(u) be arbitrary. Obviously u, w satisfy these conditions. So we
suppose that there are two distinct vertices s, t ∈ V (T ) − {v} such that the subtournament T − {s, t} has no Hamiltonian
path with the initial vertex v.
Let P be a longest path with the initial vertex v in T −{s, t} and S = V (T )− [V (P)∪ {s, t}]. Obviously S ≠ ∅. We deduce
that S → V (P) analogously to Lemma 2.3. If |S| ≥ 4, then there is a vertex x ∈ S such that d+S (x) ≥ |S|−12 ≥ 32 . Because
d+S (x) is an integer, d
+
S (x) ≥ 2. So d+(x) ≥ |V (P)| + 2 > |V (P)| + 1 ≥ d+(v), a contradiction. Therefore |S| ≤ 3. We now
look at the following three cases.
Case 1. |S| = 3
Analogously since v has the maximum out-degree, d+S (x) < 2 for every x ∈ S. This implies that T [S] is a 3-cycle and
d+(v) = d+(x) = |V (P)| + 1 for every x ∈ S. So N−(v) = S and {s, t} → S. Let u = v andw = s. It is clear that u, w satisfy
(a), (b) and for all z ∈ V (T ) − {u, w}, either u → z or u → w → z. So there is a path from u to any vertex in T − {x, y},
where x, y ∈ V (T ) − {u, w}. By Lemma 2.3, T − {x, y} has a Hamiltonian path with the initial vertex u. So u, w satisfy (c).
We are done.
Case 2. |S| = 2
Without loss of generality, assume that S = {a, b} and a → b in T . Similarly we deduce that N−(v) = {a, b} and
N−(a) = {s, t}. As v has the maximum out-degree, d−(b) ≥ 2. This implies that at least one of {s, t} dominates b. Without
loss of generality, we assume s → b. Let u = v andw = s. We are done similarly to Case 1.
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Case 3. |S| = 1
Assume that S = {a}. We conclude from a → v and property (b), that N−(a) = {s, t}. So d−(v) ≤ 2.
Suppose that d−(v) = 1. Let u = v andw = s. Similarly we are done.
Suppose that d−(v) = 2 and v → {s, t}. let u = a and w = v. Obviously u, w satisfy (a). Clearly for every
z ∈ V (T ) − {u, w}, either u → z or u → w → z, so T − {x} has a Hamiltonian path with the initial vertex u, for any
x ∈ V (T )− {u, w} and T − {x, y} has a Hamiltonian path with the initial vertex u, for any x, y ∈ V (T )− {u, w}. Therefore it
is enough to prove that T − {w} has a Hamiltonian path with initial vertex u. Without loss of generality, assume that s → t ,
then d−P (s) ≥ 2. Obviously u → V (P) − {w} and d−P−{w}(s) ≥ 1, T − {w} has a Hamiltonian path with initial vertex u by
Lemma 2.3. We are done.
Suppose that d−(v) = 2 and v 9 {s, t}. As a → v, only one vertex of {s, t} dominates v. Without loss of generality,
we assume that s → v → t . When d−(s) > 2, let u = v and w = t . Obviously u → V (P) − {u} and w → a. As for all
x, y ∈ V (T ), d−T−{x,y}(s) ≥ 1, u, w satisfy the conditions by Lemma 2.3. When d−(s) = 2, let u = s andw = v. Obviously for
every z ∈ V (T ) − {u, w}, either u → z or u → w → z. Similarly we only need to prove T − {w} has a Hamiltonian path
with initial vertex u. As u → a → V (P)− {w} and d−T−{w}(t) ≥ 1, T − {w} has a Hamiltonian path with initial vertex u by
Lemma 2.3. This completes the proof. 
Remark 2.5. If V1, V2, . . . , Vc are the partite sets of a regular c-partite tournament D, then it follows that r = |V1| = |V1| =
· · · = |Vc | and d+(x) = d−(x) = (c−1)r2 for all x ∈ V (D). As a result, either c is odd or r is even.
Lemma 2.6 (Yeo [7]). If D is a multipartite tournament, then κ(D) ≥ |V (D)|−α(D)−2il(D)3 , where il(D) = max |d+(x)−d−(x)| over
all vertices x of D.
Lemma 2.7 (Yeo [8]). Every regular multipartite tournament with at least 5 partite sets is vertex-pancyclic.
3. Main results
Theorem 3.1. If D is a regular c-partite tournament with c ≥ 16, then each vertex of D is contained in a strong subtournament
of order p for every p ∈ {3, 4, . . . , c}.
Proof. Let V1, V2, . . . , Vc be the partite sets of D and |V1| = |V2| = · · · = |Vc | = r . By Remark 2.5, d+(x) = d−(x) = (c−1)r2
for all x ∈ V (D). Obviously α(D) = r, il(D) = 0, so κ(D) ≥ cr−r−03 = (c−1)r3 according to Lemma 2.6.
Let v ∈ V (D) be arbitrary. According to Lemma 2.1, it is enough to prove that D has a strong subtournament of order
c containing v. Lemma 2.7 ensures the existence of a 3-cycle through v and hence a strong subtournament of order 3
containing v. Therefore it is enough to prove that we can obtain a strong subtournament of order q (q > p) containing
v from an arbitrary strong subtournament of order p (p < c) containing v.
Let T be an arbitrary strong subtournament of order p (p < c) containing v. Without loss of generality, we assume that
V (T ) = {v1, v2, . . . , vp} and vi ∈ Vi for i = 1, 2, . . . , p. Let V = Vp+1 ∪ Vp+2 ∪ · · · ∪ Vc . We define V ′ = {x ∈ V |V (T )→ x}
and V ′′ = {x ∈ V |x → V (T )}. Then we consider the following three cases, which exhaust all possibilities.
Case 1. V ′ ∪ V ′′ ≠ V
Let x ∈ V − (V ′ ∪ V ′′) be arbitrary. By the definition of V ′, V ′′, there are vertices vi, vj ∈ V (T ) such that vi → x → vj, so
D[V (T ) ∪ {x}] is a strong subtournament of order p+ 1 containing v.
Case 2. V = V ′ ∪ V ′′ and V ′′ ; V ′
Then there is an arc v′v′′ from V ′ to V ′′, so D[V (T ) ∪ {v′, v′′}] is a subtournament of order p+ 2, as desired.
Case 3. V = V ′ ∪ V ′′ and V ′′ ⇒ V ′
By Theorem 1.2, we only need to consider p ≥ c − 4 ≥ 12. Thus, we can choose vertices u and w which satisfy the
conclusion of Lemma 2.4.
Subcase 3.1. |V ′ ∩ Vp+1| ≥ r2
Let z ∈ V ′ ∩ Vp+1 be arbitrary. We define A′ = V ′ ∩ Vp+1 and A′′ = N+(z)− [V (v) ∪ V (u) ∪ V (w)]. Let A = A′ ∪ A′′ and
B = N−(u)− [V (v) ∪ V (w) ∪ Vp+1]. Obviously A′ ∩ A′′ = ∅ and A′ ∩ B = ∅.
If A′′ ∩ B ≠ ∅, then there is a vertex a ∈ A′′ ∩ B. Obviously z → a → u. As V ′′ ⇒ z and u → V ′, a ∉ V . Therefore a is
in the same partite set as a vertex a′ of T . Clearly by the definition of A′′, we have that a′ ∉ {u, w, v}. By Lemma 2.4, T − a′
has a Hamiltonian path with initial vertex u through v. As V (T )→ z, the subtournament D[{V (T )− a′} ∪ {z, a}] is a strong
subtournament of order p+ 1 through v.
Below we assume that A′′ ∩ B = ∅.
Suppose that B ; A. There are two vertices a ∈ A, b ∈ B such that a → b → u. If a ∈ A′, then V (T ) → a. Similarly b is
in the same partite set as a vertex b′ of T , where b′ ∉ {u, w, v}. Hence D[{V (T ) − b′} ∪ {a, b}] is a desired subtournament
of order p + 1 by Lemma 2.4. If a ∈ A′′, then z → a → b → u. We claim that at least one of a, b does not belong to V .
Otherwise if a, b ∈ V , then a ∈ V ′ and b ∈ V ′′. A contradiction to A′′ ⇒ A′. In addition, by the definitions of A′′ and B, each
of {a, b} does not belong to the same partite set as any of {u, w, v, z}. By Lemma 2.4, D[{V (T )− [V (a) ∪ V (b)]} ∪ {z, a, b}]
is a desired subtournament of order q, where q ∈ {p+ 1, p+ 2}.
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Suppose that B ⇒ A. As c ≥ 16, |A| ≥ (c−1)r2 − 3r > 0 and |B| ≥ (c−1)r2 − 3r > 0. This implies that D[A∪ B] is not strong.
Hence |V (D)− (A ∪ B)| ≥ κ(D) ≥ (c−1)r3 and |A ∪ B| ≤ cr − (c−1)r3 . We now look at the following three cases.
Whenw = v. It is clear that |A| = |A′|+|A′′| ≥ r2+ (c−1)r2 −2(r−1) = cr2 −2r+2 and |B| ≥ (c−1)r2 −(r−1)− r2 = cr2 −2r+1,
so |A ∪ B| = |A| + |B| ≥ cr − 4r + 3. This implies that cr − 4r + 3 ≤ cr − (c−1)r3 and cr ≤ 13r − 9, a contradiction.
When w ≠ v and N+(z) ∩ V (w) ∩ N−(u) ≠ ∅. Let w′ ∈ N+(z) ∩ V (w) ∩ N−(u), then z → w′ → u. By Lemma 2.4,
D[{V (T )− {w}} ∪ {z, w′}] is a desired subtournament of order p+ 1.
Whenw ≠ v and N+(z)∩ V (w)∩N−(u) = ∅. Obviously |A| = |A′| + |A′′| ≥ r2 + (c−1)r2 − 2(r − 1)− |N+(z)∩ V (w)| =
cr
2 − 2r + 2 − |N+(z) ∩ V (w)| and |B| ≥ (c−1)r2 − r − |N−(u) ∩ V (w)| − r2 = cr2 − 2r − |N−(u) ∩ V (w)|, so
|A ∪ B| = |A| + |B| ≥ cr − 5r + 3. This implies that cr − 5r + 3 ≤ cr − (c−1)r3 and cr ≤ 16r − 9, a contradiction.
Subcase 3.2. |V ′′ ∩ Vp+1| ≥ r2
The digraph D−1 has a strong subtournament T ′ of order q (q > p) through v according to Subcase 3.1. Then (T ′)−1 is a
strong subtournament through v with order q (q > p) in D, completing the proof. 
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